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Abstract
Localization operators are special anti-Wick operators, which arise in many fields of pure and applied
mathematics. We study in this paper some properties of two-wavelet localization operators, i.e., operators
which depend on a symbol and two different windows. In the case when the symbol F belongs to Lp(R2n),
we give an extension of some results proved by Boggiatto and Wong. More precisely, we obtain the bound-
edness and compactness of such operators on Lq(Rn), 2p
p+1  q 
2p
p−1 , for every p ∈ [1,∞].
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1. Introduction
We study boundedness and compactness properties of localization operators of the form
(DF,ϕ,ψf )(t) =
∫
R2n
F (z)(f,ϕz)ψz(t) dz, t ∈Rn, (1.1)
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ϕz(t) = eit ·ωϕ(t − x)
and t · ω is the inner product of t and ω in Rn. Localization operators have applications in
several fields. For example, in the framework of time-frequency analysis initiated by Daubechies
in [6,7], they can identify the frequencies of a signal f that are present in small intervals in time,
eventually modify them through the symbol F and then reconstruct a ‘filtered’ signal. See, for
example, [1,5,8,9].
Localization operators can also be viewed as anti-Wick operators. See, for example, [12] in
this connection. As is well known, the anti-Wick quantization is a very useful tool in the analysis
of pseudo-differential operators. See, for example, [2,3,10].
In this paper we give an extension of some results in [4]. In particular, in [4, Theorems 3.2
and 4.3], the boundedness and compactness of the operator DF,ϕ,ψ :Lq(Rn) → Lq(Rn),
q ∈ [p, p
p−1
]
, are proved in the case when F ∈ Lp(R2n), p ∈ [1,2]; ϕ,ψ ∈ L1(Rn) ∩ L∞(Rn).
We prove in this paper the boundedness and compactness of
DF,ϕ,ψ :L
q
(
R
n
)→ Lq(Rn), q ∈ [ 2p
p + 1 ,
2p
p − 1
]
, (1.2)
where F ∈ Lp(R2n), p ∈ [1,∞]; ϕ,ψ ∈ L1(Rn)∩L∞(Rn).
For the boundedness result, we give a proof by direct estimates and another proof by interpo-
lation arguments. They give us different estimates on ‖DF,ϕ,ψ‖B(Lq(Rn)), where ‖‖B(Lq(Rn)) is
the norm in the Banach space of all bounded linear operators from Lq(Rn) into Lq(Rn). In some
cases we can also weaken the hypotheses on the windows ϕ and ψ . For example, in Theorem 3.7
with p > 2, the windows are requested to be in L
2p
p+1 (Rn)∩L 2pp−1 (Rn) only. The compactness of
the operator (1.2) follows from a general result when q = 1,∞. For q = 1 or q = ∞ we use the
Ascoli–Arzelà theorem to give a proof, which is different from the one given in [4].
We end this section with the genesis of the paper. Results on boundedness are given in Sec-
tions 2 and 3. Compactness is given in Section 4. In Section 5 we give an example to show that
localization operators with symbols in L∞(R2) need not map L∞(R) into L∞(R). We show in
Section 6 that all results in Sections 2–4 are valid for localization operators with symbols in the
Sobolev spaces Hs,p(R2n), −∞ < s < ∞, 1 p < ∞, which can be found in, say, Chapter 5 of
the book [13] by Stein or Chapter 11 of the book [15] by Wong.
2. Boundedness for symbols in Lp(R2n), p ∈ [1,2)
In this section we analyze the boundedness of the operator DF,ϕ,ψ , cf. (1.1), in the case when
the symbol F belongs to Lp(R2n), p ∈ [1,2]. From the paper [4] by Boggiatto and Wong, it is
known that if the windows ϕ and ψ are in L1(Rn)∩L∞(Rn), then DF,ϕ,ψ :Lq(Rn) → Lq(Rn)
is a bounded linear operator for every q ∈ [p,p′], where p′ is the conjugate index of p. In
the following we prove the same result, with a different estimate for ‖DF,ϕ,ψ‖B(Lq(Rn)), under
weaker assumptions on ϕ and ψ .
Before giving the main results of this section, we recall the definition and some mapping
properties of the short-time Fourier transform (STFT). The STFT Vgf of a function f on Rd
with respect to a function g on Rd is defined by
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∫
Rd
e−2πit ·ωf (t)g(t − x)dt, x,ω ∈Rd . (2.1)
The following estimate on the STFT can be found in Lieb [11]. A similar estimate in the con-
text of Wigner transforms in the paper [17] by Wong has been used for obtaining Lp boundedness
of Weyl transforms.
Proposition 2.1. Suppose that p > 2, u ∈ Lr(Rd), ϕ ∈ Lr ′(Rd), 1/r + 1/r ′ = 1, and p′ 
r, r ′  p. Then Vϕu ∈ Lp(R2d) and
‖Vϕu‖Lp 
√
p′1/p′
p1/p
‖ϕ‖
Lr
′ ‖u‖Lr . (2.2)
Remark 2.2. The previous proposition gives us, in the special case when r = p, the boundedness
of Vϕ :Lp(Rd) → Lp(R2d), p > 2, where ϕ ∈ Lp′(Rd). Moreover,
‖Vϕu‖Lp 
√
p′1/p′
p1/p
‖ϕ‖
Lp
′ ‖u‖Lp . (2.3)
On the other hand, in the special case when p = 2, we have the boundedness of Vϕ :L2(Rd) →
L2(R2d). This is due to the following Moyal identity in, for example, the book by Gröchenig [8]
to the effect that if f1, f2, g1, g2 ∈ L2(Rd) then Vgj fj ∈ L2(R2d) for j = 1,2 and
(Vg1f1,Vg2f2) = (f1, f2)(g1, g2), (2.4)
where the inner product on the left-hand side is in L2(R2d), whereas the ones on the right-hand
side are in L2(Rd).
Remark 2.3. We also have Vϕ :Lp(Rd) → L∞(R2d), p ∈ [1,∞], where ϕ ∈ Lp′(Rd). And
‖Vϕu‖L∞  ‖ϕ‖Lp′ ‖u‖Lp . (2.5)
This estimate follows immediately from the definition of STFT and Young’s inequality. Indeed,
for every p ∈ [1,∞] we have
‖Vϕu‖L∞  sup
x∈Rd
∫
Rd
∣∣u(t)∣∣∣∣ϕ(t − x)∣∣dt  ‖u‖Lp‖ϕ‖Lp′ .
We now proceed to analyze the boundedness of the operator (1.1) by considering first the case
when F ∈ L1(R2n).
Theorem 2.4. Let F ∈ L1(R2n), ψ ∈ Lq(Rn) and ϕ ∈ Lq ′(Rn), 1  q  ∞. Then
DF,ϕ,ψ :L
q(Rn) → Lq(Rn) and
‖DF,ϕ,ψ‖B(Lq(Rn))  ‖ψ‖Lq‖ϕ‖Lq′ ‖F‖L1 .
Proof. Let f ∈ Lq(Rn). Using the fact that |(f,ϕz)| ‖f ‖Lq‖ϕ‖Lq′ , z ∈R2n, and Minkowski’s
inequality in integral form, we get
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∫
R2n
∥∥F(z)(f,ϕz)ψz(t)∥∥Lqt dz ‖ψ‖Lq
∫
R2n
∣∣F(z)(f,ϕz)∣∣dz
 ‖ψ‖Lq‖f ‖Lq‖ϕ‖Lq′ ‖F‖L1,
and the proof is complete. 
Now, we look at symbols F ∈ Lp(R2n), 1 p < 2.
Theorem 2.5. Let F ∈ Lp(R2n), 1  p < 2. Suppose that ϕ,ψ ∈ Lp(Rn) ∩ Lp′(Rn). Then
DF,ϕ,ψ :L
q(Rn) → Lq(Rn) for p  q  p′, and
‖DF,ϕ,ψ‖B(Lq(Rn)) 
√
p1/p
p′1/p′
‖ϕ‖1−θ
Lp
′ ‖ϕ‖θLp‖ψ‖1−θLp ‖ψ‖θLp′ ‖F‖Lp ,
where θ = p−q
q(p−2) .
Proof. By Hölder’s inequality, (2.3), (2.5) and the fact that p′ > 2, we see that for every
u ∈ Lp′(Rn) and v ∈ Lp(Rn),
∣∣(DF,ϕ,ψu, v)∣∣
∫
R2n
∣∣F(z)∣∣∣∣(u,ϕz)∣∣∣∣(ψz, v)∣∣dz
 ‖F‖Lp‖VϕuVψv‖Lp′
 ‖F‖Lp‖Vϕu‖Lp′ ‖Vψv‖L∞

√
p1/p
p′1/p′
‖ϕ‖Lp‖u‖Lp′ ‖ψ‖Lp′ ‖v‖Lp‖F‖Lp .
Thus, DF,ϕ,ψ :Lp
′
(Rn) → Lp′(Rn) is a bounded linear operator and
‖DF,ϕ,ψ‖B(Lp′ (Rn)) 
√
p1/p
p′1/p′
‖ϕ‖Lp‖ψ‖Lp′ ‖F‖Lp . (2.6)
Fig. 1.
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bounded linear operator and
‖DF,ϕ,ψ‖B(Lp(Rn)) 
√
p1/p
p′1/p′
‖ϕ‖
Lp
′ ‖ψ‖Lp‖F‖Lp . (2.7)
The conclusions then follow from (2.6), (2.7) and interpolation arguments. 
We can visual the results of Theorem 2.5 in Fig. 1 on the
( 1
q
, 1
p
)
-plane. For F ∈ Lp(R2n), p ∈
[1,2), we see that the operator DF,ϕ,ψ :Lq(Rn) → Lq(Rn) is bounded for every p,q ∈ [1,∞]
satisfying 1
p
 1
q
and 1
p
 1 − 1
q
.
3. Boundedness for symbols in Lp(R2n), p ∈ [1,∞]
In this section we prove a boundedness result for the operator (1.1) when the symbol F
belongs to Lp(R2n), p  1. Different proofs are proposed under different hypotheses on the
windows ϕ, ψ and with different estimates on the norm ‖DF,ϕ,ψ‖B(Lq(Rn)).
We start by recalling that for every F ∈ Lp(R2n), 1  p  ∞, and ϕ,ψ ∈ L2(Rn),
DF,ϕ,ψ :L
2(Rn) → L2(Rn) is a bounded linear operator and
‖DF,ϕ,ψ‖B(L2(Rn))  ‖F‖Lp‖ϕ‖L2‖ψ‖L2 . (3.1)
This result can be found in the book by Wong [16]. Let us briefly recall the proof. Let
F ∈ L1(R2n). Then, by (2.5),
∣∣(DF,ϕψu, v)∣∣
∫
R2n
∣∣F(z)∣∣∣∣(u,ϕz)∣∣∣∣(ψz, v)∣∣dz
 ‖Vϕu‖L∞‖Vψv‖L∞‖F‖L1
 ‖u‖L2 ‖ϕ‖L2‖v‖L2‖ψ‖L2‖F‖L1,
which gives us
‖DF,ϕ,ψ‖B(L2(Rn))  ‖ϕ‖L2‖ψ‖L2‖F‖L1 . (3.2)
If F ∈ L∞(R2n), then, by Hölder’s inequality and the Moyal identity (2.4), we obtain
∣∣(DF,ϕ,ψu, v)∣∣ ‖F‖L∞
∫
R2n
∣∣(u,ϕz)∣∣∣∣(ψz, v)∣∣dz
= ‖F‖L∞(Vϕu,Vϕu)1/2(Vψv,Vψv)1/2
= ‖F‖L∞‖ϕ‖L2‖u‖L2‖ψ‖L2‖v‖L2,
and so,
‖DF,ϕ,ψ‖B(L2(Rn))  ‖ϕ‖L2‖ψ‖L2‖F‖L∞ . (3.3)
For F ∈ Lp(R2n), p ∈ [1,∞], (3.1) follows from (3.2), (3.3) and interpolation theory.
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We can now prove the following result.
Proposition 3.1. Let F ∈ Lp(R2n), 1 p ∞, and let ψ ∈ L1(Rn) ∩ L2(Rn), ϕ ∈ L∞(Rn) ∩
L2(Rn). Then DF,ϕ,ψ ∈ B(Lq(Rn)), q = 2pp+1 , and
‖DF,ϕ,ψ‖B(Lq(Rn))  ‖ϕ‖1/pL∞‖ψ‖1/pL1 ‖ϕ‖
1/p′
L2
‖ψ‖1/p′
L2
‖F‖Lp .
Proof. From Theorem 2.4 with q = 1 and (3.1) with p = ∞, we can consider the bounded linear
operators T :L1(R2n) → B(L1(Rn)) and T :L∞(R2n) → B(L2(Rn)) given by T F = DF,ϕ,ψ ,
F ∈ L1(R2n)∪L∞(R2n). Then we get, respectively,
‖T ‖B(L1(R2n),B(L1(Rn)))  ‖ϕ‖L∞‖ψ‖L1,
‖T ‖B(L∞(R2n),B(L2(Rn)))  ‖ϕ‖L2‖ψ‖L2,
where ‖‖B(Lp(R2n),B(Lq(Rn))) denotes the norm in the Banach space of all bounded linear oper-
ators from Lp(R2n) into B(Lq(Rn)), 1 p,q ∞. The result then follows immediately from
interpolation theory. 
Proposition 3.2. Let F ∈ Lp(R2n), 1 p ∞, and let ψ ∈ L∞(Rn) ∩ L2(Rn), ϕ ∈ L1(Rn) ∩
L2(Rn). Then DF,ϕ,ψ ∈ B(Lq(Rn)), q = 2pp−1 , and
‖DF,ϕ,ψ‖B(Lq(Rn))  ‖ϕ‖1/pL1 ‖ψ‖
1/p
L∞‖ϕ‖1/p
′
L2
‖ψ‖1/p′
L2
‖F‖Lp .
Proof. Since (DF,ψ,ϕ)∗ = DF,ϕ,ψ , the result follows from duality and Proposition 3.1. 
By interpolating the results in Propositions 3.1 and 3.2, we have
Theorem 3.3. Let F ∈ Lp(R2n), 1 p ∞, and let ϕ,ψ ∈ L1(Rn)∩L∞(Rn), Then DF,ϕ,ψ ∈
B(Lq(Rn)) for 2p
p+1  q 
2p
p−1 , and
‖DF,ϕ,ψ‖B(Lq(Rn))  ‖ϕ‖
1−θ
p
L∞ ‖ψ‖
1−θ
p
L1
‖ϕ‖
θ
p
L1
‖ψ‖
θ
p
L∞‖ϕ‖1/p
′
L2
‖ψ‖1/p′
L2
‖F‖Lp ,
where θ = p+12 − pq .
The previous results can be summarized in Fig. 2 on the
( 1
q
, 1
p
)
-plane. For F ∈ Lp(R2n), we
see that the operator DF,ϕ,ψ :Lq(Rn) → Lq(Rn) is bounded for every p,q ∈ [1,∞] satisfying
1
p
 2
q
− 1 and 1
p
 1 − 2
q
. This is the largest region in which we can prove boundedness of the
operator DF,ϕ,ψ . We observe that by interpolating in different ways, we can prove boundedness
results under weaker assumptions on the windows ϕ and ψ , obtaining different estimates on
‖DF,ϕ,ψ‖B(Lq(Rn)).
The boundedness of DF,ϕ,ψ in the triangle

ABC, cf. Fig. 3, follows from Boggiatto–Wong
[4]. See Section 2. Along the line CD it is given by (3.1). Then for p,q satisfying 2p
p+1  q 
2p
, the boundedness of DF,ϕ,ψ :Lq(Rn) → Lq(Rn) for F ∈ Lp(R2n) can be recovered byp−1
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Fig. 3.
interpolating along a line between a point in

ABC and a point in CD, as shown in Fig. 3. As an
example, we give the following result.
Proposition 3.4. Let p,q ∈ [1,∞] be such that 2p
p+1  q  2. Suppose that F ∈ Lp(R2n),
ϕ ∈ L∞(Rn) ∩ L2(Rn) and ψ ∈ L1(Rn) ∩ L2(Rn). Then DF,ϕ,ψ :Lq(Rn) → Lq(Rn) is a
bounded linear operator and
‖DF,ϕ,ψ‖B(Lq(Rn))  ‖ϕ‖1−θL∞ ‖ψ‖1−θL1 ‖ϕ‖θL2‖ψ‖θL2‖F‖Lp ,
where θ = (p−1)r
(r−1)p , with r = p(2q−2)q−p(2−q) .
Proof. The proof follows from Theorem 2.4 with q = 1, (3.1) with r instead of p, and interpo-
lation theory. 
3.2. Direct method
In this section we give alternative direct proofs of the results in Section 3.1 for the case when
the symbol F belongs to Lp(R2n), p > 2.
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where α ∈ [1,∞] is such that min{αp′, α′p′} > 2. Then DF,ϕ,ψ :Lα′p′(Rn) → Lαp′(Rn) is a
bounded linear operator and
‖DF,ϕ,ψ‖B(Lα′p′ (Rn),Lαp′ (Rn)) Cα,p‖ϕ‖L(α′p′)′ ‖ψ‖Lαp′ ‖F‖Lp ,
where ‖‖
B(Lα
′p′ (Rn),Lαp′ (Rn)) is the norm in the Banach space of all bounded linear operators
from Lα′p′(Rn) into Lαp′(Rn) and
Cα,p = (αp)
1
p
[
(α − 1)(α−1)(p−1)(p − 1)α(p−1)
(α + p − 1)α+p−1(αp − p + 1)αp−p+1
] 1
2αp
.
Proof. For u ∈ Lα′p′(Rn) and v ∈ L(α′p′)′(Rn), we get by Hölder’s inequality∣∣(DF,ϕ,ψu, v)∣∣
∫
R2n
∣∣F(z)∣∣∣∣(u,ϕz)∣∣∣∣(ψz, v)∣∣dz
 ‖F‖Lp‖VϕuVψv‖Lp′
 ‖F‖Lp‖Vϕu‖Lα′p′ ‖Vψv‖Lαp′ .
Since αp′ > 2 and α′p′ > 2, from Proposition 2.1 we obtain Vϕ :Lα
′p′(Rn) → Lα′p′(Rn) and
Vψ :L
(αp′)′(Rn) → Lαp′(Rn), and by (2.2), we get∣∣(DF,ϕ,ψu, v)∣∣ Cα,p‖F‖Lp‖ϕ‖L(α′p′)′ ‖u‖Lα′p′ ‖ψ‖Lαp′ ‖v‖L(αp′)′ ,
and the proof is complete. 
Remark 3.6. Proposition 3.5, in the special case when α = 2, tells us that DF,ϕ,ψ :L
2p
p−1 (Rn) →
L
2p
p−1 (Rn) is a bounded linear operator for F ∈ Lp(R2n), ϕ ∈ L 2pp+1 (Rn) and ψ ∈ L 2pp−1 (Rn).
Moreover, ‖DF,ϕ,ψ‖B(L2p/(p−1)(Rn))  C2,p‖ϕ‖
L
2p
p+1
‖ψ‖
L
2p
p−1
‖F‖Lp , where the constant C2,p is
given by C2,p =
(p−1
2p
) p−1
2p
(p+1
2p
)− p+12p
.
Now by the same scheme as in the previous subsection (see Proposition 3.2 and Theorem 3.3),
by duality and interpolation arguments, we obtain the following result.
Theorem 3.7. Suppose that 1 p ∞, F ∈ Lp(R2n), and ϕ,ψ ∈ L 2pp+1 (Rn)∩L 2pp−1 (Rn). Then
DF,ϕ,ψ :L
q(Rn) → Lq(Rn) is bounded for 2p
p+1  q 
2p
p−1 , and for θ = pq − p−12 we have
‖DF,ϕ,ψ‖B(Lq(Rn))  C2,p‖ϕ‖1−θ
L
2p
p+1
‖ψ‖1−θ
L
2p
p−1
‖ϕ‖θ
L
2p
p−1
‖ψ‖θ
L
2p
p+1
‖F‖Lp .
Remark 3.8. Theorem 3.7 gives the same boundedness result as in Theorem 3.3, but under
slightly less restrictive conditions on the windows. On the other hand, it does not cover Theo-
rem 3.3 because of the presence of a different constant in the estimate.
4. Compactness of DF,ϕ,ψ
In this section we prove that under the same hypotheses in Theorem 3.7 with p < ∞, the
operator DF,ϕ,ψ :Lq(Rn) → Lq(Rn) is compact. We start by recalling the following preliminary
result in Boggiatto [1].
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denotes the Schwartz functions. We consider a reflexive Banach space E and a Banach space F
satisfying the following conditions:
– S(Rn) is dense in E;
– S(Rn) ↪→ E, S(Rn) ↪→ E′, S(Rn) ↪→ F are continuous embeddings;
– if α ∈ E′ ∩ S(Rn), u ∈ E ∩ S(Rn) then α(u) = ∫
Rn
αu.
The condition S(Rn) ↪→ E′, together with the reflexivity of E, ensures us that S ′(Rn) contains E,
and so we can restrict T to E, regarding it as an operator T :E → F . We then have that T ∈
K(E,F), where K(E,F) denotes the set of all compact operators from E into F .
Theorem 4.2. Suppose that 1 p < ∞, F ∈ Lp(R2n) and ϕ,ψ ∈ L 2pp+1 (Rn)∩L 2pp−1 (Rn). Then
DF,ϕ,ψ ∈ K(Lq(Rn)) for all q ∈
[ 2p
p+1 ,
2p
p−1
]
, where K(Lq(Rn)) = K(Lq(Rn),Lq(Rn)).
Proof. Let us consider first the case 1 < p < ∞. Suppose that F ∈ S(R2n) and ϕ,ψ ∈ S(Rn).
Then we know that DF,ϕ,ψ :S ′(R2n) → S(R2n). The hypotheses of Proposition 4.1 are satis-
fied with E = F = Lq(Rn), so we have DF,ϕ,ψ ∈ K(Lq(Rn)). Since, for 1 < p < ∞, S(R2n)
is dense in Lp(R2n) and S(Rn) is dense in L
2p
p+1 (Rn) and in L
2p
p−1 (Rn), by applying stan-
dard density arguments to Theorem 3.7, we have the compactness of DF,ϕ,ψ for every symbol
F(z) ∈ Lp(R2n). We consider next the case when p = 1. This means that F ∈ L1(R2n) and
ϕ,ψ ∈ L1(Rn) ∩ L∞(Rn). As S(Rn) is not dense in L 2pp−1 (Rn) = L∞(R∞) and for q = 1,
Lq(Rn) = L1(Rn) is not reflexive, Proposition 4.1 cannot be used. For this case, already treated
in [4], we propose here a direct proof. Indeed,
DF,ϕ,ψ ∈ K
(
L1
(
R
n
))
, (4.1)
DF,ϕ,ψ ∈ K
(
L∞
(
R
n
))
. (4.2)
We just need to prove (4.1), since from (4.1) we get (4.2) by duality. That DF,ϕ,ψ ∈ K(Lq(Rn))
for 1  q ∞ then follows from interpolation of the compact operators in (4.1) and (4.2). To
prove (4.1), we first let F ∈ L1comp(R2n) and we show that DF,ϕ,ψ(B10 ) is compact in L1(Rn),
where B10 = {u ∈ L1(Rn): ‖u‖L1  1}. Let us consider a sequence {uj } ∈ B10 . We observe that
the sequence {DF,ϕ,ψuj } is uniformly bounded. Indeed,
‖Df,ϕ,ψuj‖L∞  sup
t∈Rn
∫
R2n
∣∣F(z)∣∣∣∣(uj , ϕz)∣∣∣∣ψz(t)∣∣dz
 ‖uj‖L1‖ϕ‖L∞‖ψ‖L∞‖F‖L1
 ‖ϕ‖L∞‖ψ‖L∞‖F‖L1 .
Observe now that for every z ∈ suppF and for |t1 − t2| δ, with δ sufficiently small, using the
identity f (b)− f (a) = f ′(ξ)(b − a), ξ ∈ (a, b), we can prove that∣∣ψz(t1)−ψz(t2)∣∣= ∣∣e2πiω(t1−t2)ψ(t1 − x)−ψ(t2 − x)∣∣

∣∣e2πiω(t1−t2) − 1∣∣∣∣ψ(t1 − x)∣∣+ ∣∣ψ(t1 − x)−ψ(t2 − x)∣∣< ,
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then extend the results by standard density arguments. We then see that for every  > 0, there
exists a positive number δ such that for |t1 − t2| δ,∣∣DF,ϕ,ψuj (t1)−DF,ϕ,ψuj (t2)∣∣
∫
suppF
∣∣F(z)∣∣∣∣(uj , ϕz)∣∣∣∣ψz(t1)−ψz(t2)∣∣dz
 ‖uj‖L1‖ϕ‖L∞
∫
suppF
∣∣F(z)∣∣∣∣ψz(t1)−ψz(t2)∣∣dz
< ‖ϕ‖L∞‖F‖L1 .
So, the family {DF,ϕ,ψuj } is equicontinuous. Then, by the Ascoli–Arzelà theorem, for every
compact set K ⊂ Rn, {DF,ϕ,ψuj } is compact in C(K). In particular, by the Cantor diagonal
procedure, we can find a subsequence {ujh} such that {DF,ϕ,ψujh(t)} converges pointwise for
every t ∈Rn to a function u(t). Now, for every ujh , we get∣∣DF,ϕ,ψujh(t)∣∣ ‖ujh‖L1‖ϕ‖L∞
∫
R2n
∣∣F(z)∣∣∣∣ψ(t − x)∣∣dz
 ‖ϕ‖L∞
∫
R2n
∣∣F(z)∣∣∣∣ψ(t − x)∣∣dz,
and
∫
R2n |F(z)||ψ(· − x)|dz ∈ L1(Rn). To see this, writing z = (x,ω) and using Young’s in-
equality, we have∫
Rn
∫
R2n
∣∣F(z)∣∣∣∣ψ(t − x)∣∣dzdt = ∫
Rn
∥∥∣∣F(·,ω)∣∣ ∗ |ψ |∥∥
L1 dω

∫
Rn
∥∥F(·,ω)∥∥
L1 dω ‖ψ‖L1
= ‖F‖L1‖ψ‖L1 .
We can apply now apply Lebesgue’s dominated convergence theorem and conclude that
DF,ϕ,ψujh → u in L1(Rn). This implies that DF,ϕ,ψ(B10 ) is compact in L1(Rn), at least in
the case when F is compactly supported. If suppF is not compact, then we use a sequence
{Fj } ∈ L1comp(Rn) such that Fj → F in L1(Rn). Then DFj ,ϕ,ψ → DF,ϕ,ψ in B(L1(Rn)), and so
DF,ϕ,ψ ∈ K(L1(Rn)). 
5. A counter-example
We give in this section a localization operator with symbol in L∞(R2), which does not map
L∞(R) into L∞(R). To do this, we let σ be the function onRn defined by σ(ξ) = e2πi|ξ |, ξ ∈Rn.
We can write
σ(ξ) = e2πiξH(ξ)+ e−2πiξH(−ξ), ξ ∈Rn,
where H is the Heaviside function defined by H(ξ) = 1 for ξ  0, H(ξ) = 0 for ξ < 0. It is well
known that[F−1ξ→x(e2πiξH(ξ))](x) = 1
[
1 + δ−1
]
2 iπ(−x − 1)
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[
1
iπ(x − 1) + δ1
]
for all x in Rn, where δα is defined by δα(ϕ) = ϕ(α) for all real numbers α and test functions ϕ.
Let us recapitulate the fact that in this paper, we have chosen to define the Fourier transform Fu,
also denoted by uˆ, of a function u in L1(Rd) by (Fu)(ξ) = ∫
Rd
e−2πix·ξ u(x) dx, ξ ∈Rd . Thus,
(F−1σ )(x) = 1
2
[
1
iπ(x − 1) −
1
iπ(x + 1) + δ1 + δ−1
]
, x ∈R.
Now, we consider the pseudo-differential operator Tσ with symbol σ given by
(Tσ u)(x) =
∫
R
e2πixξ σ (ξ)uˆ(ξ) dξ = ((F−1σ ) ∗ u)(x), x ∈R.
Let u be the function on R defined by
u(x) =
{
1, |x| 1,
0, |x| > 1. (5.1)
Then u′ = δ−1 − δ1 and
(Tσ u)(x) = 12
[
1
iπ(x − 1) −
1
iπ(x + 1) + δ1 + δ−1
]
∗ u
= 1
2πi
(
ln |x − 1|)′ ∗ u− 1
2πi
(
ln |x + 1|)′ ∗ u+ 1
2
[
u(x − 1)+ u(x + 1)]
= − 1
2πi
(
ln |x − 1|) ∗ u′ + 1
2πi
(
ln |x + 1|) ∗ u′ + 1
2
[
u(x − 1)+ u(x + 1)]
= 1
2πi
ln
|x2 − 4|
x2
+ 1
2
[
u(x − 1)+ u(x + 1)]
for all x in R.
Now we consider a general localization operator DF,ϕ,ψ acting on a suitable function u, given
by (DF,ϕ,ψu)(t) =
∫
R2 F(z)(u,ϕz)ψz(t) dz, t ∈R. More explicitly, we get
(DF,ϕ,ψu)(t) =
∫
R
∫
R
e2πi(t−y)ω
[∫
R
F(x,ω)ϕ(y − x)ψ(t − x)dx
]
u(y)dy dω
for all t ∈R. If we let F(x,ω) = σ(ω), x,ω ∈R, then
(Dσ,ϕ,ψu)(t) =
∫
R
∫
R
e2πi(t−y)ωσ (ω)
[∫
R
ϕ(x)ψ(t + x − y)dx
]
u(y)dy dω
for all t in R. If we use the function u defined in (5.1), then we can restrict y to [−1,1].
Moreover, we fix a compact interval [−M,M]. Choose a fixed function ϕ in C∞0 (R) with
suppϕ ⊆ [a, b], say. Let ψ be the characteristic function on [a − M − 1, b + M + 1]. Then
we have ϕ(x)ψ(t + x − y) = ϕ(x) for all x ∈R, t ∈ [−M,M] and y ∈ [−1,1]. Therefore
(Dσ,ϕ,ψu)(t) =
∫
R
∫
R
e2πi(t−y)ωσ (ω)
[∫
R
ϕ(x)dx
]
u(y)dy dω = CϕTσu,
t ∈ [−M,M],
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∫
R
ϕ(x)dx. Hence, for all t in [−M,M], we get
(Dσ,ϕ,ψu)(t) = Cϕ
{
1
2πi
ln
|t2 − 4|
t2
+ 1
2
[
u(t − 1)+ u(t + 1)]}.
It is then clear that Dσ,ϕ,ψu /∈ L∞[−M,M].
6. Symbols in Hs,p(R2n), −∞ < s < ∞, 1 p < ∞
For −∞ < s < ∞, we denote by Js the pseudo-differential operator with symbol σs , where
σs(ζ ) =
(
1 + 4π2|ζ |2)−s/2, ζ ∈R2n.
Then for −∞ < s < ∞ and 1  p ∞, we define the Sobolev space Hs,p(R2n) to be the set
of all tempered distributions u on R2n for which J−su ∈ Lp(R2n). It is a Banach space in which
the norm ‖‖s,p is given by
‖u‖s,p = ‖J−su‖Lp , u ∈ Hs,p.
All the results in Sections 2–4 are valid for localization operators with symbols in Hs,p ,
−∞ < s < ∞,1 p < ∞. To wit, we give the following result.
Theorem 6.1. Let p,q ∈ [1,∞] be such that 2p
p+1  q 
2p
p−1 and let F ∈ Hs,p(R2n),
−∞ < s < ∞, 1 p < ∞. Then for all Schwartz functions ϕ and ψ on Rn, DF,ϕ,ψ :Lq(Rn) →
Lq(Rn) is a bounded linear operator and there exists a positive constant C such that
‖DF,ϕ,ψ‖B(Lq(Rn))  C‖F‖s,p.
Moreover, the bounded operator DF,ϕ,ψ :Lq(Rn) → Lq(Rn) is compact if p = ∞.
Proof. If s  0, then the proof is trivial. Indeed, we have Hs,p(R2n) ⊆ Lp(R2n) and hence we
can apply the results in Sections 2–4 and obtain the results on boundedness and compactness.
Because of the continuous embedding Hs,p(R2n) ↪→ Lp(R2n), there exists a constant C such
that ‖DF,ϕ,ψ‖Lq(Rn)  C‖F‖Lp C‖F‖s,p .
Now, let s be a negative and even integer. Let J˜s be the pseudo-differential operator with
symbol
J˜s(ζ ) =
(
1 +
2n∑
j=1
ζ−sj
)−1
, ζ ∈R2n.
If we replace Js by J˜s in the definition of Hs,p , then we obtain an equivalent norm, which we
again denote by ‖‖s,p , for Hs,p . Let F ∈ Hs,p . Then, using the proof of Theorem 17.1 in the
book [14] by Wong, it is easy to see that
DF,ϕ,ψ = WF∗V (ϕ,ψ),
where V (ϕ,ψ) is the Fourier–Wigner transform of ϕ and ψ given by
V (ϕ,ψ)(x,ω) =
∫
n
e2πit ·ωϕ
(
x + t
2
)
ψ
(
x − t
2
)
dt, x,ω ∈Rn,R
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F ∗ V (ϕ,ψ) = (J˜−1s J˜sF ) ∗ V (ϕ,ψ) = (J˜sF ) ∗ (J˜−1s V (ϕ,ψ)). (6.1)
Since s is a negative and even integer, we get
J˜−1s V (ϕ,ψ) = V (ϕ,ψ)+
n∑
j=1
D−sxj V (ϕ,ψ)+
n∑
j=1
D−sωj V (ϕ,ψ), (6.2)
where Dxj = 12πi ∂∂xj and Dωj = 12πi ∂∂ωj . Now, using Leibniz’ formula, we get
D−sxj V (ϕ,ψ) =
∫
Rn
e2πit ·ωD−sxj
{
ϕ
(
x + t
2
)
ψ
(
x − t
2
)}
dt
=
−s∑
k=0
(−s
k
)
V
(
Dkxj ϕ,D
−s−k
xj
ψ
)
. (6.3)
As for D−sωj V (ϕ,ψ), we begin with Dωj V (ϕ,ψ). Indeed,
Dωj V (ϕ,ψ) =
∫
Rn
e2πit ·ωtjϕ
(
x + t
2
)
ψ
(
x − t
2
)
dt
=
∫
Rn
e2πit ·ω
[(
xj + tj2
)
ϕ
(
x + tj
2
)]
ψ
(
x − t
2
)
dt
−
∫
Rn
e2πit ·ωϕ
(
x + t
2
)[(
xj − tj2
)
ψ
(
x − t
2
)]
dt
= V (ϕ˜,ψ)− V (ϕ, ψ˜),
where ϕ˜(y) = yjϕ(y) and ψ˜(y) = yjψ(y) for all y in Rn. Since −s is a positive integer, we can
repeat this procedure and obtain
D−sωj V (ϕ,ψ) =
N∑
k=1
ckV (ϕk,ψk), (6.4)
where ck ∈R, ϕk and ψk belong to S(Rn). So, by (6.2)–(6.4), we get
J˜−1s V (ϕ,ψ) =
M∑
l=1
clV (ϕl,ψl), (6.5)
where cl ∈R, ϕ and ψl belong to S(Rn). Thus, by (6.1) and (6.5), we obtain
F ∗ V (ϕ,ψ) = (J˜sF ) ∗
M∑
l=1
clV (ϕl,ψl) =
M∑
l=1
cl(J˜sF ) ∗ V (ϕl,ψl).
So, we have
DF,ϕ,ψ = WF∗V (ϕ,ψ) = W∑M
l=1 cl (J˜sF )∗V (ϕl ,ψl) =
M∑
clW(J˜sF )∗V (ϕl ,ψl) =
M∑
clDJ˜sF,ϕl ,ψl
.l=1 l=1
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tion operators with symbol J˜sF in Lp(R2n). So, if 2pp+1  q 
2p
p−1 , DF,ϕ,ψ :L
q(Rn) → Lq(Rn)
is a bounded linear operator and there exist positive constants C1,C2, . . . ,CM such that
‖DF,ϕ,ψ‖B(Lq(Rn)) 
M∑
l=1
cl‖DJ˜sF,ϕl ,ψl‖B(Lq(Rn)) 
M∑
l=1
clCl‖J˜sF‖Lp(R2n)
=
M∑
l=1
clCl‖F‖s,p.
Finally, using interpolation and what we have just proved for the case when s is a negative and
even integer, the proof of Theorem 6.1 is complete. 
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